We consider a chain of one-dimensional dipole moments connected to two thermal baths with different temperatures. The system is in nonequilibrium steady state and heat flows through it.
I. INTRODUCTION
The understanding of out-of-equilibrium low-dimensional systems has been a challenging problem for decades. This topic covers a large variety of important problems of modern physics concerning, for example, the necessary conditions for the observation of the Fourier law [1] [2] [3] [4] ; how to achieve and manipulate directed transport in systems with Brownian motion [5, 6] ; how to gain a useful work in nonequilibrium [5, 7] ; how to control the energy transport in one-and two-dimensional assemblies of large organic molecules with high dipole moment arranged on a surface [8] [9] [10] ; the mechanism of the transition to chaos in nonlinear chains [11] ; the necessary conditions for the occurrence and existence of the temporally periodic and spatially localized excitations in nonlinear chains [12] ; the unique steady state's existence in nonlinear chains [13] . Nonequilibrium processes in low-dimensional systems are also of practical and technological interest because of the recent advances in nanofabrication.
In this paper, we consider an out-of-equilibrium one-dimensional chain of particles interacting with each other via the classical dipolar potential. Our interest is twofold. First, we consider a heat conduction in such chains. Second, we study the emergence of new correlations in the system caused by a heat flow.
We approximate a particle by a point dipole placed at a fixed position on a line. This approximation is valid for different real physical systems. For instance, molecules of artificial molecular rotors contain one or several chemical groups with substantial dipole moment.
While the rest of the molecule is kept fixed on a surface these groups rotate [8, 10] . The dipole chain model is also intimately connected with ferrofluids or solid-state magnetic dipoles [14] [15] [16] . The point dipole approximation is valid for a single-file water chain [17, 18] . The water in narrow single wall carbon nanotubes forms a strongly ordered one-dimensional chain [17, 19] .
Each water molecule is connected by two hydrogen bonds to neighbor molecules, instead of four bonds in bulk, and also interacts with the carbon atoms of the nanotube. The latter interaction is weak compared to the dipolar one, but owing to the high density of the carbon atoms, it is not negligible and leads to the additional stabilization of the water in nanotube [20, 21] . The hydrogen bonds in 1D water are energetically stronger and possess longer life-time than ones in a bulk [17] . Both of these facts lead to the formation of the stable water molecules chain in narrow carbon nanotubes or pores [17, 22] . Moreover, equations of motion of dipole chain can be treated as a particular case of Kuramoto model [23, 24] . The left bath is the "cold" one, i.e., T L < T R .
In its turn, this model describes in a broad sense the synchronization in dynamical system of coupled oscillators. It is clear that this formulation is related to a number of phenomena from synchronization of cells in human organism to phase transitions or Brownian motors.
The systems with dipole-dipole interaction occur not only in a classical physics, but also play an important role in quantum world. For instance, in a rapidly growing area of cold dipolar atomic gases [25, 26] . For example, in the high density limit single-file quantum dipoles can also form a lattice with a strong localization of atoms near lattice sites [26] .
The remainder of the paper is organized as follows. In Sec. II, we describe the Langevin nonequilibrium dynamics for the one-dimensional chain of dipoles, theoretical approach to treat the disordered and the method to compute nonequilibrium correlation functions. Section III presents the results of the numerical calculations. Conclusions are given in Sec. IV.
Some technical aspects are relegated to appendices.
II. MATHEMATICAL FORMALISM A. Nonequilibrium dynamics
Let us consider a 1D chain of the N point dipoles with magnitude µ. The dipoles are rendered on a single line with a distance a between them and are supposed to rotate in plane (x, y) around the axes perpendicular to the plane of the dipole. The position of the arbitrary dipole is characterized by a single angle ϕ, Fig. 1 . Thus, our model is purely one-dimensional. The classical Hamiltonian of the dipole chain has the form:
where I is the moment of inertia of the dipole, ϕ i is the angle between the vector of dipole moment of the ith dipole and the axis x, r i is the dimensionless position (in units of a)
of the ith dipole moment and dot stands for time derivative, N cut = 2, 3, . . . , N defines an interaction range and in what follows we call it cutoff radius.
The left and right dipoles of the chain are coupled by some mechanism to two macroscopic heat baths. The energy exchange between baths and system is implemented by Langevin dynamics [27, 28] . The dimensionless (for units of measure see Appendix A) equations of motion have the following form:
where η L (t), η R (t)) are the random forces of the left and right thermostats, respectively. We assume η L,R (t) to be the Gaussian white noise [29] . Left and right viscosities γ L , γ R are related to noises η L (t), η R (t) by the standard fluctuation-dissipation theorem:
Let us assume that fluctuation of the dipoles near equilibrium positions are small enough to validate the expansion of sines in Eq. (II.2) up to the term of the first order in ϕ i . This condition is fulfilled in the case of strong dipolar interaction and moderate temperatures of the thermostats. In this approximation the equations of motion become:
Applying the Fourier transform to both sides of Eq. (II.4), we arrive at the following linear system of equations:
(II.6)
Now we are ready to calculate the steady-state energy current in system. To do this, let us consider the rate of energy change for the first dipole (connected to the left thermostat):
where ǫ 1 is the energy density of the first dipole and F 1j is the force that jth dipole exerts on first dipole. The last two terms in Eq. (II.7) are due to the thermostat. Thus, the energy current that flows into the system from the left thermostat is given by:
The average current is:
The function ϕ i (t) is found from Eq. (II.5) by inverting the Fourier transform:
and the expression for the steady state heat current becomes [27, 28, 30, 31] . To understand the role of the disorder we take into account the thermal fluctuations of dipoles in the direction along the line on which they are rendered. We adopt the simple scheme when dipoles' positions r i have Gaussian distribution
where r i0 is the position of the ith dipole in the ordered chain and σ is the dispersion that characterizes the "strength" of the disorder. Heat current in a disordered chain is calculated from Eq. (II.11) by averaging over a number of realizations of the disorder.
B. Correlation functions in nonequilibrium steady state
The dipole orientation relaxation time is a measurable quantity in many experiments that allows to understand the physical nature of the processes under observation. The dipole-dipole correlation function is defined as µ(t) · µ(0) , where
is the dipole moment of the ith dipole and µ(t) is total dipole moment of the chain (a polarization vector). It follows from the definition of the correlation function that:
where ∆ ij (t) = ϕ j (t)−ϕ i (0). It is known that if X is the Gaussian random variable, then [32] exp
(II.14)
One can see that according to Eq. (II.5), ϕ i , i = 1, 2, . . . , N, are the Gaussian random variables with zero mean value ϕ i = 0. Thus, we can use the rule Eq. (II.14) to calculate the average in Eq. (II.13):
It follows from Eq. (II.10) that the first term in the exponent does not depend on time. The term ϕ j (t)ϕ i (0) is space cross-correlation function. It is evident from general considerations that
For convenience, we subtract the right-hand-side of this limit from Eq. (II.15). This will provide the dipole-dipole correlation function to vanish at t → +∞. Doing this, we get:
The averages in this formula immediately follows from Eq. (II.10) :
The integrals are calculated by the same technique as the ones in Eq. (II.11).
Finally, we can write the general form of the correlation function in the linearized Langevin dynamics:
where Thus, in this simple approximation the correlation function has exponential asymptotics, 
, where ω k have the same meaning as above. Therefore, the longest relaxation time corresponds to the ω k with the smallest absolute value of imaginary part lying in the lower half-plane ω.
III. NUMERICAL RESULTS

A. Heat conductivity and temperature profile for disordered chain
The quantitative measure of the heat transport in media is the heat conductivity κ. In this article we adopt the "global" definition of the heat conductivity [33] :
and L is the chain length. Thus, to find κ we first need to find heat current. The results of the simulation are presented in Fig. 3 . We see that linearized model gives a very good approximation for the exact heat conductivity. This observation looks intriguing because it was stated recently [37] that "even a small amount of anharmonicity leads to a j ∼ 1/N dependence, implying diffusive transport of energy". Nevertheless, Fig. 3 convincingly demonstrates the applicability of the linear approximation for the set of model's parameters used in our paper.
The disorder also affects the temperature profile of the chain. To illustrate this we calculated the temperature profile for different values of σ. We use the kinetic definition of local temperature, so the temperature T i of the ith dipole is given by
In Fig. 4 we show some temperature profiles corresponding to different disorder strength σ.
For ordered chain the temperature profile coincides with the one in harmonic chain; i.e., one, is that the interaction strength between dipoles resulted in decreasing of relaxation times, and the second one, is that the chain length resulted in increasing of relaxation time.
To study the space correlations in chain we calculate the following correlation function 
(III. 25) which expresses a "smoothed" behavior of space correlations. One more noteworthy peculiarity of space correlations is observed. Altering the range of dipole-dipole interaction (by changing the cutoff radius N cut ) strongly affects space correlations in a system. In Fig. 6 we see that the magnitudes of the correlations are substantially different for chains with N cut = 2 ÷ 4 and N cut ≥ 7. In Fig. 6 we also show the difference between correlations in equilibrium and nonequilibrium states. It is seen that there is a long range order in nonequilibrium for N cut = 2 that disappears in equilibrium state. Nevertheless, there is some similarity in correlations for a nearest-neighbor interaction, but even in this case a presence of the heat flux makes the correlations decay slower. For long chains the effect still persists.
This long-range character of the space correlation function is due to the heat flux,and behavior of the equilibrium correlation function supports this conjecture. The right graph in Fig. 6 convincingly demonstrates that without heat flux, i.e., in an equilibrium state, the space correlation function decays fast with distance for the same set of parameters as for nonequilibrium one. The link between the space correlation function and the heat flux originates from the fact that coupling to the thermostats results in the interaction between eigenmodes of the chain [27] . From Fig. 7 , one can see the differences between weak (γ = 0.1) and strong (γ = 5.0) coupling of the chain to thermostats.
Finally, we consider the influence of the disorder on space correlations. Surprisingly, the effect of the disorder turns out to be not strictly "destructive". From the left panel of Fig. 8 we see that for σ = 0.01, 0.1 correlations are stronger than ones in an ordered chain, whereas for higher values of σ they become weaker. To quantitatively estimate this result, we introduce correlation length ζ defined as a minimal number n ζ such that |C n ζ | < 10 −3 .
Nonmonotonic character of ζ(σ) is evidently seen in the right panel of Fig. 8 . This result is very intriguing because from general considerations disorder should break the long-range order in a system. Moreover, it is important to note, that the enhancement of correlations is almost independent on the range of correlations. Correlation functions C n calculated with N cut = 2 and N cut = 9 are close enough to say that effect of disorder weakly depends on N cut . Another important point is the absence of this effect in equilibrium conditions.
To elucidate the origin of this amplification of long-range correlation by the disorder, we computed the local temperature profile along the dipole chain (Fig. 9 ). As one can see from and we observe weakening of the correlations. It is known from a nonequilibrium thermodynamics [39] that in polarizable media a temperature gradient creates an electric field that raises overall polarization [40, 41] .
IV. SUMMARY
In the present paper, we have conducted numerical and analytical study of the classical dipolar chain under out-of-equilibrium conditions. We approximated nonequlibrium dynamics of the chain by a system of linearized stochastic differential equations. All the quantities of interest after that were expressed solely through the elements of the one matrix M Eq. (II.6). We focused on two basic aspects of the chain: heat conduction and correlations.
To study the heat conduction we derived a closed expression for the heat current, Eq. (II.11). It was established that ordered dipole chain supports ballistic transport and their properties resemble ones of the harmonic lattice; e.g., the heat current is proportional This allowed us to estimate the relaxation times and to show the slowing of orientation relaxation as the system size increases (see Fig. 5 ).
The situation with spatial correlations is more subtle because they are affected by different factors such as thermostats' temperature difference, dipole moments, and interaction range (cutoff radius N cut ). The most prominent feature of nonequilibrium is the emergence of the long-range correlations for N cut > 5. It is especially important because usually the model with only nearest-neighbor interaction is considered in the majority of works in out-of-equilibrium low dimensional systems. Here we clearly demonstrated that long-range behavior of the correlation is caused by the combination of two factors: heat flow and "longrange" interaction. The nonequilibrium is essential because it leads to the coupling between heat-carrying modes of the systems and the eigenmodes interaction is necessary for the emergence of long-range structure. One can generalize this conclusion by making the conjecture that the emergence of long-range correlations in a one-dimensional system is possible under nonequilibrium conditions when next-nearest-neighbor interactions are included.
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We start with rewriting the system Eq. (II.4) in the form of the first order differential
where the column vector x(t) = (ϕ 1 (t), . . . , ϕ N (t), p 1 (t) . . . p N (t)) T and
where 0 N N is N-by-N zero matrix, I N N is N-by-N identity matrix, M is the potential energy
T and η L (t), η R (t) are Gaussian white noises. Solution of Eq. (B.1) is of the form
where x(0) is column of the initial conditions. To find the correlations in the nonequlibrium steady state we have to calculate the limit lim t→+∞ x(t)x † (t) , where x(t)x † (t) is the covariance matrix. It can be done by employing the fact that all eigenvalues of the matrix A have negative real parts [44, 45] which gives lim t→+∞ exp(At) = 0. After this remark the evaluation of the limit above is done in a straightforward manner:
where It can be also helpful to rewrite Eq. (B.4) in the matrix form [44, 45] :
with C being x(+∞)x † (+∞) . An exact solution of this equation was found only for the nearest-neighbor interaction. From a general point of view, it is a well known in a control theory Lyapunov matrix equation and number of algorithms were developed to solve it numerically [48] [49] [50] .
Appendix C: The inverse of the matrix M and calculation of the heat current
In the Langevin dynamics we calculate two main quantities: heat current, Eq. (II.11), and the correlation function, Eq. (II.19). In both cases, the formulas contain the elements of the inverse matrix M −1 that, by definition, is given by
where C is the matrix of cofactors [51] and T stands for transposition. Due to the M being symmetric a matrix, the matrix of cofactors C is also symmetric. 
From the residue theorem, it immediately follows [52] :
where ω i satisfies the equation
in the half-plane Im ω < 0 and Res
states for the residue at the point ω = ω i . The determinant can be represented in the form of a product:
It is tacitly supposed that roots of this polynomial are simple. This assumption is based on the results of the numerical computations: for all considered chain lengths, the roots are found to be simple and all lie in the lower half-plane of the ω-plane, Fig. 10 . Hence, poles in Eq. (C.3) are simple and calculation of the sum can be done easily. To be assured we checked the teh multiplicity of the roots in the Multroot package [53] yielded the same conclusion.
At the end of the section we will show how to tackle the root-finding of the det M(ω). As it was already said, this polynomial has large coefficients and is of the order of 2N. Hence, it is a cumbersome problem to find its roots. Nevertheless, it can be greatly simplified by the following observation. The problem of finding eigenvalues of the nonsingular matrix is well known and can be implemented in a robust and reliable way. Now, when we know that all zeros of det M(ω) are simple and know the relation between them and eigenvalues of A, we can calculate the residue in Eq. (C.3):
where det ′ M(iλ n ) = i 2N k=1 k =n (λ n − λ k ).
Appendix D: Energy current in dipole chain
We begin with the rate of the energy change in chain [27, 28] : The energy change rate for the i-th dipole is:
Rewrite it in the following form: can be treated as the in, out -heat currents of ith dipole, respectively. In a straightforward manner it can be shown [27, 28] that "in" steady state in-currents are equal for all dipoles in chain:
Evidently, all these currents in steady state are equal to the energy flowed into the system from the "hot" thermostat per unit of time and flowed out into the "cold" thermostat. Equation (D.5) states that the average rate of work done by the ith dipole on the followed dipoles is equal to the rate of work done by the previous dipoles on the ith. Thus, one can say that the energy flow from the previous dipoles to the ith is equal to the energy flow from the ith dipole to the followed ones.
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